We consider conformal field theories with slightly broken higher spin symmetry in arbitrary spacetime dimensions. We analyze the crossing equation in the double light-cone limit and solve for the anomalous dimensions of higher spin currents γ s with large spin s. The result depends on the symmetries and the spectrum of the unperturbed conformal field theory.
Introduction
In this paper we consider higher dimensional conformal field theories CFT d>2 with slightly broken higher spin symmetry or, in other words, theories which have higher spin currents with small anomalous dimension γ s ≪ 1. A typical example of this type are weakly coupled theories. Weakly coupled theories are usually analyzed using standard perturbative methods that involve computations of Feynman or Feynman-like diagrams.
Our approach is to use methods of analytic bootstrap [1] [2] [3] combined with the known structure of the free theory correlators. Indeed, when higher spin symmetry is present CFT d>2 are believed to be free and thus exactly solvable [4] [5] [6] [7] . Therefore a natural question is how to use this symmetry to constrain the dynamics when higher spin symmetry is slightly broken [8, 9] . Conformal bootstrap is the simple idea that by imposing associativity of the operator product expansion (OPE) for local operators in a conformal field theory (see fig. 1 ) and unitarity one, at least in principle, should be able to find the spectrum of local operators and their three-point couplings [10, 11] . This knowledge is then enough to find all the correlation functions of local operators in the theory. Our strategy will be to focus on the double light-cone limit u, v → 0 of the four-point correlation function of scalar operators.
2 When u v is kept fixed it is not known what is the behavior of the correlator in a generic CFT in this limit. 1 An immediate hint that it should not be too easy is that through AdS/CFT that would mean solving, at least partially, the problem of quantum gravity in asymptotically AdS spaces and string theory in particular [12] [13] [14] . A more humble but still unreachable goal would be a precise determination of critical exponents for the second order phase transitions in three dimensions [15] . 2 We introduce our notations at the beginning of the next section.
First, we notice that the double light-cone limit is very simple in free theories. Fourpoint correlation functions admit an OPE-like expansion simultaneously in u and v with powers being controlled by the twists of the operators that are being exchanged in the u− and v− channel correspondingly. The crossing equation is then straightforward to solve and it splits into many pieces which satisfy crossing separately. These pieces correspond to an infinite number of operators of twist τ 1 and τ 2 which are dual to each other under crossing.
Second, we observe that exactly the same structure is inherited by theories where higher spin symmetry is slightly broken. More precisely, we observe the same type of expansion as the one in the free theory, but dressed with polynomials of log u and log v.
The degree of the polynomial depending on the order of perturbation theory.
Thirdly, by focusing on the lower twist operators in the double light-cone limit expansion we can fix the large spin limit behavior of the anomalous dimension of the higher spin currents γ s .
In section 2 we review the basic idea of our approach and discuss the double light-cone limit in free theories. In section 3 we analyze the perturbed crossing equation to leading order in the perturbation parameter. In section 4 we generalize the results of section three to all orders in perturbation theory. In section 5 we apply our physical picture to the 3d Ising model and predict the scaling dimensions of higher spin currents. In section 6
we present some conclusions and open problems. We also include several appendices with technical results and further examples.
Basic Idea
In this section we explain our approach to the crossing equation. The basic idea is similar in spirit to the works [1] [2] [3] but generalizes them in several ways.
Our main object of interest is the four-point function of scalar operators in a CFT By doing a conformal transformation we can always bring four points to the Minkowski plane. We depict the patch of two-dimensions Minkowski space. The cross ratios z andz have an interpretation of the position of the second point x 2 = (z,z). The other three points are chosen to be at x 1 = (0, 0),
The crossing equation takes the form
The nontrivial content of (2.2) is that each side can be decomposed in terms of conformal blocks with positive coefficients in front. This is implied by the fact that the theory is unitary and admits an OPE expansion.
We will be interested in the double light-cone limit u, v → 0 or z → 0,z → 1. On the picture above fig. 2 this limit corresponds to sending the point 2 to the upper corner of the space-like separation diamond. There are three basic ways to take the limit. First, by taking the u ≪ v ≪ 1 limit we are in the regime of the u-channel light-cone OPE which is dominated by the exchange of the lowest twist operators propagating in the u-channel.
Second, by taking the v ≪ u ≪ 1 limit we are in the regime of the v-channel light-cone OPE which is controlled by the operators of the lowest twist propagating in the v-channel.
Thirdly, by taking the limit such that u ∼ v ≪ 1 we are in the double light-cone regime.
A priori it is not controlled by any OPE. Although this limit was discussed in [16] in the context of gauge theories, the behavior of correlators for a generic CFT in this limit is, to the best of our knowledge, completely unexplored.
The first observation that underlies our paper is that the double light-cone limit is very simple in free theories. It smoothly interpolates between the u-channel light-cone OPE and the v-channel light-cone OPE, with each of them being valid for any ratio u v . This makes the solution of the crossing relation (2.2) straightforward since we can make the light-cone expansion in both channels simultaneously such that the correlator takes the form
where the sum goes over the twists of operators that are present in the free theory.
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Crossing symmetry simply implies
We discuss the physics of this expansion below.
The second observation is that when we depart away from the higher spin symmetric point the same picture holds. Namely if we work in the theory with some abstract coupling g then the correlation function at order L takes the form (2.3) with c ij = c ij (log u, log v)
being polynomials of order L in log u and log v. Crossing then is the statement that
We claim that this is the most generic form of the correction to the correlation function at any order of perturbation theory in any weakly coupled CFT.
The third observation is that each term in the expansion (2.3) has a clear microscopic origin both in the u-and the v-channel. Thus, we can identify particular subsets of operators that obey crossing in the double light-cone limit. As we will explain below this picture of the double light-cone expansion of correlators has very interesting implications for the spectra of higher spin currents. 4 The same holds for generalized free fields.
Review Of The Light-Cone OPE Regime u ≪ v
Let us first review the regime u ≪ v ≪ 1. In this regime the correlation function above is controlled by the light-cone OPE in the u-channel so that we can write
where in the RHS we kept only the contribution of the leading twist operators. The basic observation of [1, 2] was that due to (2.2) and the convergence of the v-channel OPE the function of v that appears in(2.6) should come from twists of physical operators exchanged in the v-channel
Requiring (2.7) leads to certain constraints on the spectrum. In particular, [1, 2] considered a generic CFT where the leading twist operator is separated from all the other operators by a twist gap. This typically happens in strongly coupled CFTs. It was then
shown that the presence of the unit operator leads to the prediction of an infinite set of double trace-like operators with their twist approaching 2∆ + n at infinite spin s, whereas the correction due to the exchange of the minimal twist operator in the u-channel is captured by the anomalous dimension γ(n, s) of the double twist operators and their three-point functions, see also [17] , [18] .
One natural question to ask is if this mechanism is applicable to weakly coupled CFTs as well. The immediate difference is that in weakly coupled CFTs we have an infinite tower of almost conserved higher spin currents which are not separated from the stress tensor by a twist gap. As we will show this leads to a qualitative change of the physical picture above. Understanding the way the crossing equation is satisfied in this case is the main subject of this paper.
Another obvious problem with applying the results of [1, 2] to weakly coupled theories is that they are expected to hold for spins s that satisfy For weakly coupled CFTs it is more natural to consider exactly the opposite regime
This regime was analyzed in [3] in the context of four-dimensional maximally supersymmetric Yang-Mills. There it was noted that in perturbation theory the contribution from leading-twist operators of high spin to the four-point correlator is of the form
to any order in perturbation theory and where h(log u, log v) is a symmetric function as a consequence of crossing. This was then used to derive the behavior at large spin of the OPE coefficients of higher spin currents.
Understanding the regime (2.9) for general CFTs, with the focus on anomalous dimensions of higher spin currents γ s , is the subject of the present paper. This generalizes the analysis of [3] , as well as unifies [1] [2] [3] into a single framework. Understanding this regime is not only relevant for theories describing critical phenomena in three dimensions but also it allows comparison to predictions of the bootstrap methods with the results available through perturbative analysis as well as numerical methods.
Double Light-Cone Expansion in Free Theories
In this section we would like to consider how the crossing equation works in free theories in the double light-cone limit. In free theories this limit is very simple and is controlled by the exchange of free particles along both light cones. It is also important to emphasize that since we approach the light-cone from the space like direction the OPE is convergent in both channels.
To take the limit we can imagine rescaling (u, v) → λ(u, v) in (2.2) and expanding the correlation function in λ. In free theories the result for any scalar correlator is very simple: we get a polynomial in λ of degree fixed by ∆. Recall that in the free theory ∆ can either be integer or half-integer. 5 In this way we get
where the second equation is just the statement of crossing and f i (u, v) are homogeneous symmetric polynomials in √ u and √ v of degree i. A convenient basis for such polynomials is given by
In other words, the correlator in free theory admits an expansion in twists in both direct and dual channels
By expanding (2.12) at small u we see that it consists of operators with twists j and i − j which are transformed into each other under the crossing transformation. Applying to this polynomial the logic of (2.7) we see that in the double light-cone limit the crossing equation for free theories is satisfied separately by pairs of twist trajectories 6 which are mapped into one another by crossing. Symbolically, we can write it as follows
This is different from the picture that emerged in [1] , [2] where the stress tensor itself was mapped to the Regge trajectory of the double trace-like operators. Another and more dramatic difference which we explicitly demonstrate below is that generically higher spin currents are not mapped to the double trace-like operators in free theories at all.
To illustrate this idea let us consider for example the operator φ 2 in the free scalar theory in d dimensions. In this case we have [20] 
(2.15) 6 As we explain below for operators of low twist the twist trajectory can be made out of one, or a finite number, of conformal primary Regge trajectories. For high enough twists though the number of Regge trajectories that can contribute depends on spin.
where c is proportional to the central charge or two-point function of stress tensors in the theory. This has an expansion as in (2.11) with
It is instructive to understand the microscopic interpretation of these polynomials.
Recall that in the light-cone OPE, say u → 0, operators with twist τ enter as u The piece
is quite special since it is self-dual and moreover it consists of operators with twist τ = d − 2 which are higher spin currents. Thus, we conclude that in the φ 2 correlator
This is the mechanism that was at play in [3] . We will see that this self-duality is not as generic as (2.17) . Indeed, had we considered the correlator of φ's, the higher spin currents would have been double trace-like operators, mapped through crossing to the unit operator.
Microscopic Realization
Let us next understand the picture above microscopically. If we consider the expansion of G(u, v) it takes the well-known form
where we expanded the contribution of a given twist in terms of collinear conformal blocks.
τ is the twist of the operators that appear in the OPE of OO, s is their spin and a s are the squares of the corresponding three-point couplings. Focusing on the higher spin currents in the example above we get
The crucial point is the following: recall that each conformal block has only a logarithmic singularity as v → 0. Hence, if we are to reproduce the power-like singularity with the sum (2.20) we have to sum over an infinite number of operators. Moreover, such singularity must come from the "tail" of the sum, and must be insensitive to the change of the lower limit of the sum. In other words,
and
should produce the same singularity.
In our paper we will always focus on power-like singularities coming from the sum over an infinite number of spins.
To see how (2.20) is satisfied it is instructive to notice that as v becomes small, the sum is dominated by operators of large spin ∼ factor appears because only even spins contribute. In this limit the ingredients of (2.20) become
from which the leading divergent piece can be computed
This result can also be obtained by taking the scaling limit of the Casimir equation satisfied by the collinear conformal blocks [16] . The method presented here, however, is more systematic. 
Slightly Broken Higher Spin Symmetry
Next we would like to depart from the free theory limit. When the higher spin symmetry gets broken conserved higher spin currents receive anomalous dimension γ s which we assume to be very small
The typical example would be to consider a Lagrangian theory and turn on an exactly marginal deformation. Examples of this type are SCFTs. We could also consider Wilson-
Yet another example is the large N limit of the Wilson-Fischer fixed point in 2 < d < 4, in which the role of small parameter is played by 1/N . We can think about all of these parameters as the coupling g and assume that γ s ∼ gf (s) and similarly for the three-point couplings.
Let us understand the new effects that we get as we analyze the crossing equation to first order in g. There are three of them:
-external operators receive correction to their dimension;
-operators that were present in the OPE at tree-level receive corrections to their scaling dimensions, while the corresponding OPE coefficients get corrected as well;
-new operators that were absent at tree-level appear in the OPE.
Let us discuss how different effects manifest themselves at the level of the crossing equation.
Case Of Protected Operators
Let us start by making two additional assumptions, both of which will be relaxed later:
-external operators do not receive correction to their dimension;
-there is no operator φ in the original spectrum. In other words, φ 2 is the leading twist scalar operator.
First, let us recall that the new operators that appear at leading order in g enter with their tree-level dimension which is integer or half-integer. Second, the effect of operators present at tree-level in the OPE and receiving anomalous dimensions is very distinct.
Indeed, we have
where we assumed γ τ 0 ,s log u ≪ 1 which, as will become clear below, is equivalent to (2.9). Let us consider (2.7) to first order in perturbation theory and let us focus on the contribution coming from the correction to the anomalous dimension of the leading twist operators, which for the present case, are higher spin currents
where a i . The second term in the RHS is due to the anomalous dimensions of operators that were present in the original OPE.
Let us understand possible behaviors of the RHS for small v. We can renormalize our operators such that the correction to the unit operator is absent. Next, we can have the correction from the HS currents that corresponds to τ 
where c 1,2 are constants which are fixed by the microscopical theory. A priori we do not know if they are zero or not. For now let us assume that they are nonzero. We will come back to the other case below. As discussed for the free theory, the divergence for small v can only be reproduce by the contribution from the higher spin operators. Turning the sum into an integral as before we get 1 2
In perturbation theory we can assume γ(
) to be a polynomial. In which case this has a unique solution γ s = a 1 log s + a 2 ,
In this simple example we see how the relation (2.18) works in the perturbed theory.
In the computation above we have assumed that the sum is dominated by large spins of order 1/ √ v. We see that this is indeed the case, as the integral (3.5) is dominated by
We can also consider the contribution from operators with higher tree-level twist
Provided α < d − 2 they will contribute a divergent term, and the divergences can be evaluated as explained above. Their contribution will result in a term of the form
which is sub-leading at large s. To summarize, assuming that there are no operators in the original theory inside the twist gap
we predict that the most general leading form of the anomalous dimension of higher spin currents takes the form
Below we will show that if c 1 = 0 then log s is the leading asymptotic to any order in perturbation theory. Of course, the typical examples of a theory like above are weakly coupled gauge theories. In all known cases (3.8) indeed is the correct form of the leading spin anomalous dimension of higher spin currents. As explained in [17] it can be understood as coming from the color flux created by the gauge fields with c 1 being its energy density in appropriate coordinates. Above we demonstrated how this result emerges from the analysis of the bootstrap equation.
Operators With Twist
In the consideration above we assumed that the original theory does not contain operators with twist τ < d − 2.
8 If we consider an arbitrary combination of free fields the only operator with twist τ < d − 2 that can appear in the OPE of two scalar operators is the free scalar field φ itself.
Assuming that the original theory contains a free scalar field φ we can consider its four point function
In this case higher spin currents are dual to the unit operator and to themselves. The tree-level three-point functions are exactly the same as above if we set c = 1. We consider a correction to this correlator that breaks higher spin symmetry. In this case (3.3) takes the form
10)
The second term in the RHS can only arise from either the unit operator or higher spin currents themselves, since these are the only operators present at tree level. As we explained the unit operator does not lead to any interesting effects.
A new feature in this case is that due to dynamics the operator φ itself can appear in the first term in the RHS. Notice that in the original theory φ is odd under the Z 2 parity φ → −φ. Thus, for the operator φ to appear in the RHS the theory should break
Let us first consider the case when the breaking of Z 2 does happen. Notice that for
< τ < d − 2 the contribution in the RHS is fully given in terms of a single conformal block: that of the operator φ. Focusing on the leading contribution at small v we get 1 2
(3.11)
8 In higher dimensions we should be careful with our definition of twist but since we are dealing with the scalar operators and their OPE we care only about symmetric traceless tensors. 9 Here it is only important for us that it contains at least one free scalar field.
which is solved by
where the dots represent sub-leading corrections, suppressed by powers of s.
Next let us consider the case of a theory that preserves Z 2 . In this case the φ operator does not appear in the OPE and higher spin currents are the leading twist operators in the dual channel as well. The sum rule now takes the form
We note the RHS is not power divergent, so all spins will contribute equally, and in particular we cannot apply the integral method above. Indeed, if we were to apply the saddle point method blindly we would obtain 1 2
and the would be solution γ s = c 1 log s
would produce an integral that diverges for small h. As we will explain in the next section, we can overcome this difficulty by introducing a new idea. At this point we can only say that
where ǫ > 0. A decay at a smaller rate would produce a divergent term, which is not observed.
Anomalous Dimension of External Operators
Here we would like to relax the assumption that the external operators stay protected.
It is easy to see that the same arguments follow through. Indeed, consider the corrected crossing equation
where we included a potential correction to the dimension of the external operator γ ext .
Expanding to leading order in γ s , γ ext , using the crossing equation and focusing on the log u in front of higher spin currents we get 17) so the effect of the anomalous dimension for external operators in the discussions above is the shift γ s → γ s − 2γ ext .
If we are to consider higher order corrections we should also take into account that the saddle point that reproduces the unit operator shifts slightly [1] . This is taken into account by correcting the three-point functions. This is used in one of the examples below.
Generalization to All Orders in The Breaking Parameter
The leading order analysis of the previous section suggests the following picture. When we are in the regime where the u-channel OPE is valid we see that the tree-level expansion in terms of the twists of the free theory u τ (0) /2 gets modified in two ways. First, we get new operators in the OPE that were absent at zeroth order. These will again enter with the tree-level twist. Second, the operators that were already present in the OPE get anomalous dimensions which lead to the emergence of terms of the type u
Of course, exactly the same things can be said about the v-channel. Assuming that the interpolation between the two channels is smooth as it was in the free theory we get the following generalization of (2.13)
mn|11 log u log v .
We propose that to an arbitrary L-th order of perturbation theory the correlator takes the following form
This ansatz is manifestly consistent with both u-and v-channel OPE and satisfies crossing. Also the structure of this ansatz agrees with the one expected from the evaluation of Feynman diagrams. Furthermore, it is shown in appendix A that perturbative results present in the literature admit the expansion (4.2). See also appendix B for some simple 2d examples.
Of course, it is very easy to write an ansatz which is consistent with u-and v-channel OPE in an abstract CFT which takes the form 
On The Degeneracy Of Operators With High Twist
It is true that in the expansion above (4.3) particular terms can be identified with the microscopic contribution of operators with given twist either in the u-or in v-channel .
Thus to understand the utility of the expansion (4.3) we need to understand the structure of the spectrum of operators with a given twist.
For us the relevant counting comes from considering the theory of a scalar field φ.
spectrum is controlled by fixing the number of fields φ and computing the number of ways we can distribute s derivatives over them. In this way we can understand the number of primaries with the given twist τ as a function of spin s.
More precisely, the number of primaries is given in terms of number of partition of s into n parts minus the number of descendants coming from the (s − 1)-level
4)
10 It is well-known that for multi-variable functions real analyticity in each variable does not necessarily imply analyticity in both. As a trivial example consider
which is crossing-symmetric and has OPE-like expansion both in the u-and the v-channel. However it cannot be written in the form (4.3).
where (x, x) n is the q-Pochhammer symbol.
An important point is that for large spin we have the following asymptotic behavior
so that the number of primary operators does not grow in the case of higher spin currents, which correspond to n = 2. On the other hand, for n > 2 we see that the number of primary operators grows with the spin. This makes the utility of the expansion (4.3) much harder when we focus on higher twist operators. In this case we cannot focus only on finite number of Regge trajectories. 
All-Order log s Behavior
In this section we would like to establish the leading log s behavior (3.8) to all orders in perturbation theory. A general argument for this behavior, based on symmetry arguments, was given in [17] . Below we will show this also follows neatly from our arguments.
Recall that as in the example above we are dealing with the self-dual term in the
2 h(log u, log v). At finite loop order h(log u, log v) is a polynomial in log u and log v. Microscopically, it is generated by corrections to anomalous dimensions and three-point functions of the higher spin currents. More precisely, log u terms are generated by the expansion of u γ s /2 in the small anomalous dimension parameter γ s , whereas log v terms can come both from sum over spins or corrections to the three-point coupling. The sum rule becomes
, h(log u, log v) = h(log v, log u).
where this equation is understood order by order in perturbation theory. In the previous section we discussed the solution of this equation to first order in perturbation theory.
Here we generalize this analysis to arbitrary order. 11 In strongly coupled theories we can consider double trace-like operators of higher twists, of the form schematic form O∂ s n O. Their number does not grow with the spin. Many interesting properties for their anomalous dimension and OPE coefficients have been uncovered in [18, 21] .
The structure of h(log u, log v) implies the following large s expansions
plus power suppressed terms and where a (i) and b (i) are arbitrary functions of the coupling which start at order g i or higher.
Applying the saddle point method and focusing on the dominant contribution we get
Plugging the expansion (4.7) into (4.8) and requiring order by order h(log u, log v) be symmetric we find the following simple result
which establishes the logarithmic behavior to all orders in the perturbation parameter.
If we focus now on the effect of the corrections to the behavior of the tree-level result
we see that it gets dressed by the factor e −f (g) log u log v times a sub-leading contribution. This is the same conclusion as the one obtained in [16] .
Acting With A Casimir Operator
Next we focus on a theory with Z 2 symmetry where the lowest twist scalar operator is φ itself. Let us explain how one can cope with the difficulty that we encountered above.
The idea was explained in [22] and basically consists in acting with the Casimir operator on both sides of the crossing equation. The relevant part of the Casimir operator takes the following form [22] 
This differs from the Casimir operator considered in [23] by the piece that acts trivially on the collinear conformal block.
Collinear conformal blocks are eigenfunctions of this operator
coll .
(4.11)
For us it is important that the eigenvalue behaves as s 2 for large spin. When applying the Casimir to a u-channel expansion, the contribution from high spins will become much more important, and this makes the saddle approximation valid for cases for which it was not valid before.
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To understand the effect of this let us consider again the case of four scalar operators φφφφ in the Z 2 -preserving case. The terms in the double twist expansion which are relevant for the question of anomalous dimensions of higher spin currents are
Acting on this with the Casimir and focusing on the terms that contain log u we notice
notably this contribution starts only from the second order k = 2. Microscopically this contribution comes from the anomalous dimensions of currents γ s . Repeating the same steps as before we get that to reproduce each of these terms we have to solve the following
where the extra factor in the integrand came from the Casimir eigenvalue at leading order.
Note that now the integral converges for small values of h. This can be solved by γ s ∼ (log s)
. Thus, we predict that the leading behavior of the anomalous dimensions of higher spin currents takes the following form
(4.15)
The theories that fall into this class are O(N ) critical models in 2 < d < 4 dimensions including the 3d Ising model as we discuss in detail below.
All-Order 1 s ∆ φ

Behavior
Next we consider the case of the four-point function of scalar operators φ in the case when interactions break Z 2 -symmetry. Generically, we expect the operator φ to appear in the OPE and it will be the leading twist operator. In the double twist expansion at tree-level φ does not appear and we have only the standard terms of the type u
2 . When we turn on the interactions the operator φ appears in the OPE. The corresponding contribution to the four-point function takes the following form
Interpreted from the perspective of one of the channels this should come from the operator φ Regge trajectory and higher spin currents. Due to conformal symmetry the contribution of the operator φ is completely fixed to be the one of its conformal block. Thus, we get the following equation
from which we can find h(log u, log v) to be
As before we should compare this function against the large spin integral (4.19) where in the RHS we also included the contribution due to exchange of the unit operator in the v-channel since it corrects the three-point functions. The equation (4.19) should be understood order by order in perturbation theory. Moreover, when going to higher orders we have to act with the Casimir operator on both sides of the equation to make the saddle approximation valid.
The solution of this equation takes the following form
It coincides with the results of [1, 2] . Indeed, even though the φ 3 -model is in the perturbative regime there is a large twist gap between φ and almost conserved higher spin currents. Thus, the non-perturbative results of [1, 2] should be readily applicable. Here we explicitly see how these results are consistent with the double twist expansion and appear order by order in perturbation theory.
Constraints From Convexity and Large Spin Liberation
One can ask if there are additional constraints on the anomalous dimensions of higher spin currents. A very general property of leading twist operators is convexity which was originally found in [25] and recently reviewed in [2] . It states that the anomalous dimensions of the leading twist operators that appear in the OPE of Hermitian conjugate operators being plotted against their spin lie on a convex curve. For the examples considered above this property fixes signs of the leading term coefficients. In the case of f (g) log s behavior it implies that f (g) > 0. For the γ s ∼ c s α case it implies that c < 0. Another constraint comes from the fact that in the OPE of two operators of twists τ 1 and τ 2 there are operators which approach twist τ 1 + τ 2 at infinite spin [26, 1, 2] . When these operators happen to be higher spin currents we can apply this condition! First, let us consider the case γ s ∼ f (g) log s. Our analysis is only valid in the regime f (g) log s ≪ 1. Assuming that the log s behavior persists for higher spins we should conclude that double trace-like operators mentioned above are not higher spin currents.
This is precisely what happens in gauge theories where at very large spin the leading twist operators are double trace operators. Second, in scalar theories which contain the φ operator higher spin currents are the double trace-like operators of [26, 1, 2] and thus in this case we conclude that
Thirdly, in [1, 2] the leading correction to (4.21) was found. The analysis of these papers is expected to be valid for spins such that the twist gap between the leading twist operator and the following one δτ log s ≫ 1 which corresponds to exponentially large spins for weakly coupled theories. We can connect this behavior to the analysis above which is valid for δτ log s ≪ 1. The interpolation should be smooth and respect convexity.
Application To The 3d Ising Model
Here we would like to discuss what can we say about the critical O(N ) models and 3d
Ising model as a limiting case of those. In our analysis they correspond to a model with a scalar operator φ and interactions which preserve the Z 2 symmetry. It is important to emphasize that we consider the correlator of four identical spin fields S 1 S 1 S 1 S 1 . The higher spin currents that appear in the tree-level OPE expansion of this correlator are the symmetric traceless currents and, thus, our analysis applies to the anomalous dimension of those.
First, let us review what is the prediction of the analysis of [1, 2] . Using their formulas for the stress tensor exchange we obtain
On the other hand, in the regime γ φ log s ≪ 1 the correction to the anomalous dimension of the currents due to higher spin currents in the dual channel should be of order g 2 or 1 N 2 , according to our analysis
This expectation is consistent with the results of [27] , [28] who observe that the 
Moreover, (4.15) states that log s corrections are suppressed by extra powers of the coupling. Since we expect that (5.2) should turn into (5.1) as we increase the spin, we predict log s corrections at higher orders in perturbation theory. Notice also that there is an extra scale in the problem. Indeed, the symmetric traceless currents are known to receive the correction at the Let us now turn to the 3d Ising model. In this case the Z 2 -odd scalar operator of minimal twist is called σ and the perturbation parameter g is given by g ∼ γ σ ∼ 0.018.
To compare with the numerical bootstrap data we would like to consider spins of order 4 ≤ s ≤ 100. In this regime it is not clear that the dominant contribution to the anomalous dimension of higher spin currents comes from the higher spin currents in the dual channel, of the form
Recall that the Ising model contains a Z 2 -even scalar operator in its spectrum, with ∆ ε ∼ 1. 41 
4 .
The leading contribution of the scalar operator ε is readily translated to the anomalous dimension of higher spin operators. The result is the following
We expect an infinite number of corrections to this result. First, we have a contribution from the higher spin currents of the type −γ s ∆ ε +n . Lastly, there are corrections from the exchange of other heavy operators in the dual channel, the first one coming from the Z 2 -even scalar ε ′ , with ∆ ε ′ ∼ 3.83. We expect all these corrections to be very small for large values of the spin. As we explain bellow, s = 4 is already in this regime!
The corrections due to the descendants of the ε scalar field (as well as to other heavier fields) can be evaluated following [22] . 14 On the other hand, we cannot compute c 0 (log s) from first principles, but, as argued above, its contribution should be small in the range of interest due to the γ 2 σ factor. Using the the data of the numerical bootstrap ∆ σ = 0.518151, ∆ ε = 1.41264, f 2 σσε = 1.10634, [19, 29, 30] we arrive at the following formula 13 In order to derive this formula, one has to act with the Casimir operator, as explained above.
14 The correction to the anomalous dimension due to the ∆ ε -exchange has the following form
).
The first two terms in this expression are simply those of (5.5). The next two come from the exchange of ∆ ε . The last term comes from the higher spin currents. We can estimate c 0 (∞) by computing the contribution due to the stress tensor using the asymptotic formula of [1, 2] . It gives c 0 (∞) = 8.4988 such that we get − 0.0028 s in the formula above.
Moreover, from (4.15) we expect that c 0 (log s) is approximately constant c 0 for low spins.
In this way we get the following anomalous dimensions for currents with low spin For constant c 0 we can also build combinations which are independent of it since the dependence on s is simply inverse. In this way we get c 0 -independent combinations γ 6 − 2 3 γ 4 = 0.0135,
Our predictions are in agreement with the preliminary numerical bootstrap data of [19] . The result of [31] for γ 4 = 0.0208 (12) is consistent with our prediction as well.
We hope that further improvement of numerical methods can lead to a determination of anomalous dimensions of higher spin currents with higher precision. In particular precise determination of γ 4 may fix c 0 in the formulas above.
We also expect (5. It would be also very interesting to check if log s terms appear at higher orders of perturbation theory. This would require computing higher order 1 N or ǫ corrections to the anomalous dimensions of the higher spin currents in the critical O(N ) model.
Conclusions and Summary of Results
In this paper we considered conformal field theories with almost conserved higher spin
A typical example of those are weakly coupled conformal field theories, that is Lagrangian theories with exactly marginal deformations that admit a perturbative expansion.
Another prominent examples are critical O(N )-models in various dimensions and the 3d
Ising model.
We analyzed the crossing equation in the double light-cone limit and solved for γ s at large spin s. In the double light-cone limit both cross ratios u, v tend to zero with their ratio u v being fixed. This limit is not known to be controlled by any OPE-like expansion in a generic CFT. In free theories we can analyze this limit explicitly and see it is an expansion in terms of the basic crossing-symmetric combinations
Microscopically, these come from an infinite set of operators with twist τ 1 and τ 2 which are mapped to each other by the crossing equation.
When the higher spin symmetry is broken we can consider a perturbative expansion in γ s which is a small parameter in the problem. The expansion in twists (6.2) gets dressed by polynomials in log u and log v (4.1), which roughly come from the expansion of u γ in the u-channel, or v γ in the v-channel. Moreover, the appearance of logarithms of higher degrees is what is expected from the evaluation of Feynman graphs. We also checked this expansion in the variety of examples (see appendices).
Focusing on the low twist operators and reproducing logarithmic corrections microscopically led to expressions for the anomalous dimensions of higher spin currents γ s . The possible high spin behavior of those depends on the spectrum of the theory and symmetries of the problem.
We considered three basic cases. First, theories without scalar operators in the twist
In this case we found that the expected leading behavior at large spin is γ s = f (g) log s (4.9). We showed that this result can be extended to all orders in the coupling. Second, we considered theories that do contain an almost free scalar operator φ.
We distinguish two classes of theories: those that break Famous examples of this class are φ 3 Yang-Lee type of models in various dimensions.
We considered also the application of our results to the 3d Ising model. In this case due to the additional suppression of the contribution of the higher spin currents that we explained in the case of the critical O(N )-model, what dominates the anomalous dimension for s < 10 4 is the exchange of the sub-leading twist operator ε in the dual channel. Using this fact we made a prediction for anomalous dimensions of higher spin currents γ s (see (5.5), (5.6), (5.9) and the discussion thereby). We hope our prediction can be tested against the results of the numerical bootstrap in the near future. 15 Similar technique can be used to predict anomalous dimensions of certain higher spin currents in the critical O(N ) models with small N and other scalar theories in various dimensions (see [32, 33] ).
A double twist expansion seems to be closely related to Mellin amplitudes with Mellin variables playing the role of complexified twists in the expansion above [34] . Indeed, in the simple explicit examples one can go from the sum in the expansion to the contour integral as is familiar from the Regge theory. It would be nice to understand this relation better.
It would also be interesting to explore the behavior of correlation functions in the double light-cone limit in two-dimensional CFTs more thoroughly.
We considered the scalar operators built out of scalar fields φ but similar analysis can be generalized to the scalar operators made of fermions or tensor fields. See appendix C.
Although the small u, v-expansion trivializes part of crossing, the full crossing symmetry cannot be imposed within the small u, v-expansion. One way to impose it is to use Mellin amplitudes. It would be nice to understand the implication of the full crossing symmetry for the small u, v-expansion. It can potentially lead to classification of all perturbative solutions of the crossing equation in the spirit of [35, 36] .
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A.1. N = 4 SYM
Protected Operators
The most studied four-point correlator in N = 4 SYM is that of four half-BPS scalar operators of protected dimension 2 that live inside the energy-momentum tensor supermultiplet . These operators transform in the 20 ′ representation of the SU (4) R-symmetry group and the correlator has the following structure [37] O(y 1 ,
where the harmonic variables y i encode the SU (4) dependence of the correlator. In the expression above R (0)) (y i , x i ) and R (1)) (y i , y i ) are explicitly known rational functions, see e.g. [38] . As a consequence of crossing
proportional to the scalar box integral Φ(z,z). Its standard representation is
We take the double light-cone limit u, v → 0 such that z → 0 and 1 −z → 0. Using
we obtain a representation for the box function where logarithms and powers in u, v are made explicit and the symmetry between u and v (which corresponds to z ↔ 1 −z) is manifest. More precisely, we obtain
where c
mn (log u, log v) are polynomials of degree one, with symmetry properties following from Φ(u, v) = Φ(v, u). For instance, for the first few orders we obtain Φ(u, v) = (log u log v + 2ζ 2 ) + (log u log v + 2 log u + 2ζ 2 − 2) u
The two-loop correlator is given by the following expression [39, 40] 
where we have introduced
The small u, v expansion is more cumbersome in this case, but again it can be checked to be of the form (A.4), where now c (2) mn (log u, log v) are polynomials of second order. Hence up to two loop the correlator has the double twist expansion proposed in the body of the paper. Higher order results are available in the literature, see [41] , but considering their double light-cone limit expansion beyond the leading term is considerably harder.
Supergravity Result
The correlator above has also been computed in the planar limit, at large values of the t' Hooft coupling, where it is given by a supergravity approximation. In this limit [42, 43] 
2422 (u, v) 16 We take the double light-cone limit in two steps. First we expand the box function for small z, 1 −z and then expand z, 1 −z in powers of u and v. This second expansion contains only powers.
whereD ∆ 1 ,∆ 2 ,∆ 3 ,∆ 4 (u, v) are the conformal integrals introduced in [20, 44] . Among other properties, they satisfy the following crossing identities
Which in particular imply f sugra (u, v) = f sugra (v, u). Furthermore, for the case ∆ i = 1
we recover the scalar box functionD
Another useful property is given by the following derivative relations (see for instance [45] )
By applying these three relations consecutively we see thatD 2422 (u, v) can be obtained from the scalar box function by applying a differential operator, symmetric in u and v.
Hence, the double light-cone limit of the supergravity result follows from that of the scalar box function (A.4)and hence has the expected form.
Many other results available in the literature are given in terms of conformal integrals with integer entries, and it is straightforward to check that these have the proposed double expansion (4.2). These include the infinite tower of corrections to the supergravity result above constructed in [36] as well instanton corrections to the four point correlator at hand [46, 47] .
Unprotected Operators
As an example of a correlator of four identical unprotected operators in N = 4 SYM, let us consider the correlator of four Konishi operators, of the form K ∼ trφ I φ I . This has been computed to one-loop in [48] with the result
where
(A.12)
The double light-cone limit of this correlator then follows from that of the scalar box function, and has the proposed form.
A.2. Critical O(N ) σ-model
In the following we focus on the correlator of four fundamental spin fields S a (x i ), proportional to different tensor structures. In our conventions these contributions are given by
(A.14)
where B(u, v) is given in [49] as a series expansion around u = 0 and v = 1
up to a normalization factor which is not important for our purposes. Carefully comparing this expansion with the expansion for theD functions given in [50] we note that
Crossing symmetry of the correlator under exchange of operators 1 and 3 implies the following combinations should be symmetric under u ↔ v
The symmetry of both combinations is indeed guaranteed by the relations (A.8). Next, we would like to consider the small u, v expansion of the above combinations. We show in appendix D how to do this systematically. The general structure is of the form
where α, β, γ are polynomials of first order and α mn (log u, log v) = α nm (log v, log u) and similar for β. We hence obtain a double twist expansion corresponding to twists τ = d − 2 + 2n and τ = 2n, which are the twists of the large N theory, dressed with logarithms, in agreement with (4.2).
Appendix B. Double Light-cone Limit In The 2d Ising And Yang-Lee Models
We consider the correlator of four spin fields in the 2d Ising model. The result is [51] σ(
(B.1)
First we notice that the symmetric function that we discussed in the main body of the text is Similarly, we can consider the theory of free n-form field in d = 2n dimensions. In this theory the lowest twist scalar operator is O = F 2 . Some basic properties of this theory can be found in [54] . The result for the four-point function is a sum of three diagrams where a given diagram is a set of contractions of the basic tensors I µν (x) considered for example in [20] . we obtain an expression that can be easily expanded for small u, v. In many applications, the parameters ∆ i take integer values where some terms above contain poles. In all the cases we have analyzed one can consider a limit, where one deforms some of the parameters and then takes away the deformation.
